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Abstract
The simplest scenario for the three known light neutrinos that fits the solar
and atmospheric neutrino deficit and a mixed dark matter (MDM) picture of
the universe requires them to be highly degenerate with mν ∼ 1 - 2 eV.
We propose an SO(10) grand unified model with an S4-horizontal symmetry
that leads naturally to such a scenario. An explicit numerical analysis of the
quark and lepton sector of the model shows that it can lead to desired mass
differences to fit all data only for the small angle non-adiabatic MSW solution
to the solar neutrino puzzle.
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In the two recent papers, it has been pointed out by Caldwell and one of the
authors (R.N.M.)[1] that if the existing data on solar[2] and atmospheric neutrino[3]
deficit is confirmed and if the presently popular mixed dark matter (MDM)[4] model
of the universe requiring a few eV neutrino as its hot component is taken seriously,
then the simplest three-light neutrino (νe, νµ, ντ ) mass matrix that fits all data has
the following form:
M =


m+ δ1s
2
1 −δ1c1c2s1 −δ1c1s1s2
−δ1c1c2s1 m+ δ1c21c22 + δ2s22 (δ1 − δ2)s2c2
−δ1c1s1s2 (δ1 − δ2)s2c2 m+ δ1s22 + δ2c22

 , (1)
where m=2 eV, s1 ∼ .05, s2 ∼ .38, δ1 ∼ 1.5× 10−6 eV and δ1 ∼ .2 to .002 eV. Here
we have assumed that the solar neutrino puzzle is solved by the small angle MSW
(Mikheyev-Smirnov-Wolfenstein)[5] solution[6]. Note the high degree of degeneracy
among the three neutrino species. An immediate implication of this is that if the
neutrinos are Majorana particles , the neutrinoless double beta decay would be
measurable in the current generation experiments involving 76Ge[7] and 130Te[8]
thereby providing a test of the degenerate neutrino hypothesis.
It is then perhaps not premature to search for gauge models which can gen-
erate this highly degenerate neutrino spectrum[9] in a technically natural manner.
Such degeneracy is suggestive of a horizontal symmetry, which will contain all three
neutrinos in one irreducible representation. This symmetry however must be broken
in the charged lepton sector. Since the see-saw mechanism[10] generally connects the
neutrino masses with the charged fermion masses , the horizontal symmetry break-
ing in the charged fermion sector will cause mass differences between the neutrinos.
Such mass differences are of course required and from equation (1), we see that these
must be very tiny. A simple scaling argument then says that the see-saw scale must
be in the range of 1012 GeV or so. Such mass scales have their natural place in grand
unified theories and we will consider SO(10) as the flavor grand unifying theory in
order to understand the required neutrino spectrum.
Turning now to the horizontal symmetry, an obvious choice is to consider it
to be SU(2)H as has been done in several recent papers[1, 9]. In this letter, we
consider a somewhat more economical group based on the permutation group S4 as
our horizontal symmetry. We will assume that the symmetry is softly broken so that
there is no domain wall problem. We find that in this model, the fermion sector
is completely specified by fifteen arbitrary parameters, twelve of which are fixed by
the charged fermion sector ( i.e. by six quark masses, three CKM angles and three
charged lepton masses). The structure of the neutrino mass matrix is then such that
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only the small angle MSW solution to the solar neutrino problem,
Before presenting the details of the model, let us first review the basic strategy
given in Ref. [1]. It is well-known that when the conventional see-saw mechanism for
neutrino-masses[10] is implemented in gauge models such as SO(10) or the left-right
symmetric models, it gets modified to the following form[11]
(
fvL mvD
mTvD fvR
)
, (2)
where
vL = λ
v2wkvR
M2P
; (3)
vR is the scale of SU(2)R-breaking and MP is breaking scale of parity. Therefore,
unless special care is taken to break parity symmetry at a scale higher than the
SU(2)R or U(1)B−L, vL ∼ λv2wk/vR (since vR ∼MP ). The light neutrino masses are
then given by:
mν ≃ fvL − mνDf
−1mTνD
vR
. (4)
Recall that the conventional see-saw formula omits the first term (which, as
just mentioned, is justified only under special circumstances) leading to an approx-
imate quadratic scaling relation between neutrino and up-quark mass (or in some
instances charged lepton masses). We will however keep both the terms in the
present discussion. Now notice that if due to some symmetry reasons, fab = f0δab,
then a degenerate neutrino spectrum emerges.
Before discussing the fermion masses, let us briefly review some of the discus-
sions of Ref. [1]. We will consider the breaking of SO(10) → SU(2)L × SU(2)R ×
SU(4)C × P (denoted by G224P ) by means of a {54}-dim. Higgs multiplet. This
symmetry is subsequently broken down to the standard model by a {126}-dim.
Higgs multiplet. Detailed two-loop analysis of the mass scales in this model[12]
leads to vR ∼ 1013.6 GeV. So that for f0λ ∼ 1/2, we get f0vL ∼ 1 eV, as desired.
Let us now turn to the implication of S4-symmetry for the charged fermion
and neutrino masses, which is the main contribution of this paper. S4-symmetry
has been used before in the discussion of charged fermion masses at the electroweak
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level[13]. It has irreducible representations with dimension {3}, {3′}, {2}, {1}, and
{1′}. Our assignment of fermions and Higgs multiplets to irreducible representations
of S4 are shown in Table I.
The S4-invariant Yukawa coupling can be written symbolically as
LY =
1√
3
(Ψ1Ψ1 +Ψ2Ψ2 +Ψ3Ψ3)(h0H0 + f∆¯0)
+
1√
2
[
(Ψ3Ψ2 +Ψ2Ψ3)(h2H1 + f2∆¯1) + (Ψ3Ψ3 +Ψ2Ψ2 − 2Ψ1Ψ1)(h2H2 + f2∆¯2)
]
+
f3√
2
[(Ψ1Ψ3 +Ψ3Ψ1)H3 + (Ψ2Ψ1 +Ψ1Ψ2)H4 + (Ψ3Ψ3 −Ψ2Ψ2)H5]
+H. c. (5)
We then assume that the S4-symmetry is softly broken by the masses of Hi
(i = 0, 1, ..., 5) and ∆i (i = 0, 1, 2), so that their vacuum expectation values are
arbitrary. We also assume a softly broken U(1)PQ symmetry so that the complex
{10}’s have only one coupling to the fermions. The Hi’s therefore have vev’s given
by κui and κ
d
i . Turning now to the ∆’s, we choose only the (mass)
2 of ∆0 negative
and large so that the (1, 3, 10) submultiplet of it (the numbers denote representation
under the group G224P ) acquire a vev vR that breaks G224P down to the standard
model. The remaining two ∆’s (∆1,2) have large ( MU ) positive masses so that
their (2,2,15 ) components acquire induced vev’s of order of the electroweak scale
without any fine tuning[14] due to the presence of S4× U(1)PQ invariant terms such
as ∆0∆0∆iHi in their potential ( where i=1,2). A term of the form ∆0∆0∆0H0
also induces non-zero vev’s to the (2,2,15) submultiplets of ∆0. We denote these
∆-vev’s by vui , v
d
i (i = 0, 1, 2). Note that the ∆0 coupling in Eq. (5) leads after
symmetry breaking to the degenerate neutrino masses.
The charged fermion and Dirac-neutrino mass matrices can now be written as
follows.
Mu,ab = m
(10)
u,ab + f0v
uδab +m
(126)
u,ab
Md,ab = m
(10)
d,ab + f0v
dδab +m
(126)
d,ab
Ml,ab = m
(10)
d,ab − 3f0vdδab − 3m(126)d,ab
MνD ,ab = m
(10)
u,ab − 3f0vuδab − 3m(126)u,ab
Mν,ab = f0vLδab −
(
M2νD
)
ab
/(f0vR), (6)
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where
m
(10)
u,ab =


a0 − 2a2 a4 a3
a4 a0 + a2 − a5 a1
a3 a1 a0 + a2 + a5

 , (7)
m
(126)
u,ab + f0v
uδab =


d0 − 2d2 0 0
0 d0 + d2 d1
0 d1 d0 + d2

 , (8)
where ai’s and di’s are products of type hκ
u and fvu respectively. Similar matrices
can be written down for m
(10)
d,ab and m
(126)
d,ab by replacing ai’s by bi’s , κ
u by κd and di’s
by ei’s. This way of writing makes it clear that there are a total of 18 parameters.
However, we can choose a basis in which the up-quark mass matrix is diagonal,
thereby getting rid of three parameters and we are left with fifteen parameters. We
will now fit these parameters so that the six quark masses, three charged lepton
masses and three CKM angles are reproduced. In order to proceed , we first ex-
trapolate these parameters from the electro-weak scale to the scale MR, where their
values are:
mu = .0013923, mc = .36322 mt = 75.900,
md = .0024297, ms = .047775 mb = 1.38975,
s12 = ±.2200, s13 = .00624 s23 = .05200,
me = .0004896, mµ = .10080 mτ = 1.71264.
We have chosen all masses to be positive. We do the fitting as follows. In
the basis where Mu is diagonal, we have Md = UCKMM
(diag)
d U
†
CKM . The first choice
leads to six constraints on the original ( before choosing the up-quark basis ) nine
parameters leaving three arbitrary. We choose them to be a0, a1, and a2. Similarly
the Md equation leaves three arbitrary parameters chosen to be b0, b1, and b2. The
b0, b1, and b2 are then determined by three equations that relate them to TrMl,
TrM2l and TrM
3
l which of course are easily expressed in terms of the me, mµ,
and mτ . The matrix Ml is then completely determined. Diagonalizing it as usual
i.e. Ml = UEM
(diag)
l U
†
E , where M
(diag)
l = Diag(me, mµ, mτ ), the three angles that
parameterize VE are predicted. In particular, note that, in the basis in which Mu
is diagonal, νeνµ mixing arises predominantly from the (e, µ, τ) sector due to the
fact that MνD is block diagonal and fitting me, mµ, and mτ leads a prediction for
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θνeνµ. We find that for negative s12, two sets of solutions for the mixing matrix
VE correspond to the correct charged lepton masses. Only one of them leads to the
desired νe-νµ mixing angle and we choose this one ; the parameters a0, a1, and a2 not
fixed by the up-quark sector, are then varied to obtain the required mass difference
squares between mνe , mνµ , and mντ to fit the data.
Let us now briefly discuss the dependence of our solutions on the three param-
eters a0,a1 and a2. Requiring ∆m
2
νµ−ντ
≃ .1eV 2 implies that, a0 + a2 ≃ 38GeV ; if
we further assume that the non-degenarate part of the contribution to the neutrino
masses have a hierarchical structure between the first and the second generation
leading to ∆m2νe−νµ ≃ 10−6eV 2, this leads to a0 ≃ 2a2 ≃ 25.36GeV and a1 ≤ 2. In
figure 1, we have shown the dependence of the νe- νµ mass difference on a1 for the
above choices of a2 and a0 and we see that the desired range comes only for a1 ≤ 2.
We give below the detailed solution for the neutrino masses and mixings for this
case. (We have written mνi = m0 +m
′
νi
, where m0 is the direct vL contribution.)
(m
′
νe
, m
′
νµ
, m
′
ντ
) =
1
fvR
(−0.0000174465,−0.129248,−5759.27)GeV2,
and
V l =


−.9982 .05733 .01476
.05884 .9334 .3541
−.006523 −.3544 .9351

 . (9)
Note that, for vR ≃ 1013.6 GeV and f ∼ 3, this predicts |m2νµ−m2νe | ∼ 4×10−6
eV2 for m0 = 2 eV, |m2ντ −m2νµ | ∼ .2 eV2, which are in the range required to solve
both the solar and atmospheric neutrino deficit for the values of θνeνµ and θνµντ given
above. In particular, we wish to note the preference of theory for the small angle
MSW solution to the solar neutrino problem. This is quite interesting in view of
the recent conclusions[15] that the large angle MSW solutions have a discouragingly
large χ2-fit.
We wish to remark that our solutions do not depend on the choice of sign for
the up quark masses. We have checked that we lose the desired values of masses
and mixings if we choose ms to be negative for both signs of the Cabibbo angle.
In conclusion, we have constructed an SO(10) × S4 model, which leads to a
degenerate neutrino mass scenario including correct mixing angles required to fit
atmospheric and solar neutrino data as well as the hot dark matter in the universe.
A critical test of the model is the observation of a non-zero signal in neutrinoless
6
double data decay in the current generation of 76Ge and 130Te experiments. Also
our model prefers only the small angle MSW solution to the solar neutrino puzzle,
a result which is already indicated in recent analyses and will surely be tested once
more data accumulates.
References
[1] D.O. Caldwell and R.N. Mohapatra, Phys. Rev. D 48, 3259 (1993);Univ. of
California preprint UCSB-HEP-94-03 and Univ. of Maryland preprint UMD-
PP-94-90 (1994).
[2] R. Davis et al.,Proceedings of the 21st International Cosmic Ray Conference,
Vol. 12, edited by R.J. Protheroe (Univ. of Adelaide Press, Adelaide, 1990),
p. 143; K.S. Hirata et al., Phys. Rev. D 44, 2241 (1991); A.I. Abazov et
al., Phys. Rev. Lett. 67, 3332 (1991) and T. Bowles,Invited talk at ICNAPP,
Bangalore (1994); P. Anselmann et al., Phys. Lett. B285, 376 (1992) and 314B,
445 (1993). T. Kirsten, Invited talk at ICNAPP, Bangalore (1994).
For a theorectical discussion, see J.N. Bahcall and M.H. Pinsonneault, Rev.
Mod. Phys. 64, 885 (1992).
[3] K.S. Hirata et al., Phys. Lett. B280, 146 (1992); R. Becker-Szendy et al., Phys.
Rev. D 46, 3720 (1992); P.J. Litchfield in International Europhysics Conference
on High Energy Physics, Marseille, France, 1993 (unpublished). Ch. Berger
et al., Phys. Lett. B245, 305 (1990); B227, 489 (1989). M. Aglietta et al.,
Europhys. Lett. 15, 559 (1991). W. Frati et al., Phys. Rev. D 48, 1140 (1993).
[4] E.L. Wright et al., Astrophys. J. 396, L13 (1992); M. Davis, F.J. Summers,
and D. Schagel, Nature 359, 393 (1992); A.N. Taylor and M. Rowan-Robinson,
ibid., 359, 396 (1992); R.K. Schaefer and Q. Shafi, Report No. BA-92-28 (1992,
unpublished) and Nature 359, 199 (1992); J.A. Holtzman and J.R. Primack,
Astrophys. J. 405, 428 (1993); A. Klypin et al., Astrophys. J. 416, 1 (1993).
Q. Shafi and F.. Stecker, Phys. Rev. Lett. 53 1292 (1984).
[5] S.P. Mikheyev and A.Yu. Smirnov, Yad. Fiz., 42, 1441 (1985); L. Wolfenstein,
Phys. Rev. D 17, 2369 (1978); D 2634 (1979).
[6] N. Hata and P. Langacker, Univ. of Pensilvenia Report UPR-0592T (1993, to
be published in Phys. Rev. D) ; P.I. Krastev and S.T. Petcov, Report No.SISSA
177/93/EP (1993, unpublished and G. Fogli, E. Lisi and D. Montanino, CERN-
TH.6944/93.
7
[7] H. Klapdor-Kleingrothaus, Invited talk at the Erice Summer School, 1993 to
appear in Prog. in Particle and Nuclear Physics, edited by A. Faessler (1994).
[8] E. Garcia, Talk at TAUP’93.
[9] Further implications of and models for the degenerate scenario have been con-
sidered in: S. Petcov and A. Y. Smirnov, Trieste Preprint (1993). P. Barmert
and C. Burgess, McGill-94-07 (1994); A. Joshipura, PRL preprint (1994); K.S.
Babu and S. Pakvasa, Phys. Lett. B172, 360 (1986). A. Ioanyssian and J. W.
F. Valle, Valencia Preprint (1994).
[10] M. Gell-Mann, P. Ramond, and R. Slansky. In Supergravity, edited by D.
Freedman et. al. (North-Holland, Amsterdam, 1980); T. Yanagida. Proceedings
of the KEK workshop, 1979 (unpublished); R. N. Mohapatra and G. Senjanovic.
Phys. Rev. Lett. 44, 912 (1980).
[11] R. N. Mohapatra and G. Senjanovic. Phys. Rev. D 23, 165 (1981).
[12] N. G. Deshpande, E. Keith, and P. B. Pal. Phys. Rev. D46, 2261 (1992); D.
G. Lee, University of Maryland Preprint, (1993).
[13] S4-symmetries in the context of charged fermion masses have been considered
by S. Pakvasa and H. Sugawara. Phys. Lett. B82, 105 (1979).
[14] K. S. Babu and R. N. Mohapatra. Phys. Rev. Lett. 70, 2845 (1993).
[15] P. Anselman et. al. GALLEX Preprint 44-1994.
8
Table Caption
Table I: Transformation property of fermions and Higgs multiplets under S4-symmetry.
The {10}-dimensional multiplets are chosen to be complex..
Multiplet S4 representation
Fermions
Ψa, a = 1, 2, 3 {3}
Higgs Bosons
{126} ∆0 {1}
{126} ∆1,2 {2}
{10} H0 {1}
{10} H1,2 {2}
{10} H3,4,5 {3}
Table I.
Figure Captions
Fig. 1: m′νe and m
′
νµ
are plotted as a function of a1 for a0 = 2a2 = 25.38GeV . The
scale of the vertical axes is 8.37 × 10−6 eV for vR = 1013.6 GeV and f = 3.
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This figure "fig1-1.png" is available in "png"
 format from:
http://arxiv.org/ps/hep-ph/9403201v1
